Abstract. K-frames were introduced by L. Gȃvruţa to study atomic systems on Hilbert spaces. Recently some generalizations of this concept are introduced and some of its difference with ordinary frames are studied. In this paper * -K-frames are introduced and some properties of this generalization of K-frames are studied. After proving some characterizations of * -K-frames, direct sum and tensor product of * -K-frames are considered and finally some perturbation results are established.
Introduction and Preliminaries
Frames in Hilbert spaces were introduced by J. Duffin and A.C. Schaffer [6] in 1952. Now frames play an important role not only in the theoretics but also in many kinds of applications, and have been widely applied in signal processing [12] , sampling [8, 9] , coding and communications [22] , filter bank theory [7] , system modelling [3] , and so on.
In contrast to frames there exist systems of functions generating proper subspaces even though they do not belong to them. These families were considered by H.G. Feichtinger and T. Werther in [11] and namely families of local atoms. Let {x n } n∈N be in the Hilbert space H such that there exists positive real number µ > 0 with n∈N | x, x n | 2 ≤ µ x 2 for all x ∈ H and let H 0 be a closed subspace of H then the sequence {x n } n∈N is called a family of local atoms for H 0 if there exists a sequence of linear functionals {c n } n∈N such that (i) ∃C > 0 with n∈N |c n (x)| 2 ≤ ν x 2 , sequence {x n } n∈N in the Hilbert space H is called an atomic system for K if the following statements hold (i) the series n∈N c n x n converges for all c = (c n ) ∈ l 2 ;
(ii) there exists positive real number ν > 0 such that for every x ∈ H there exists a x = (a n ) ∈ l 2 such that a x l 2 ≤ ν x and Kx = n∈N a n x n .
Also a sequence {x n } n∈N is said to be a K-frame for H if there exists positive real numbers λ, µ such that
Frames are a special case of K-frame when K is the identity operator. It is proved that a sequence {x n } n∈N is an atomic system for K if and only if it is a K-frame [15] . Also in this paper it is proved that a family of local atoms for H 0 is indeed a P H 0 -frame, where P H 0 is the orthogonal projection on H 0 . The concept of K-frames and its properties has recently been studied in [2, 16, 24, 25] .
Let A be a unital C * -algebra and let H be a left A-module. H is a pre-Hilbert A-module if H is equipped with an A-valued inner product ., . : H × H → A that possesses the following properties, (i) f, f ≥ 0, for all f ∈ H and f, f = 0 if and only if f = 0;
(ii) Af + Bg, h = A f, h + B g, h , for all A, B ∈ A and f, g, h ∈ H;
(iii) f, g = g, f * , for all f, g ∈ H;
(iv) µf, g = µ f, g , for all µ ∈ C and f, g ∈ H;
The action of A on H is C-and A-linear, i.e., µ(Af ) = (µA)f = A(µf ), for every µ ∈ C, a ∈ A and f ∈ H. For f ∈ H, we define f = f, f 1 2 . If H is complete with . , it is called a Hilbert A-module or a Hilbert C * -module over A.
The C * -algebra A itself can be recognized as a Hilbert A-module with the inner product A, B = AB * , for any A, B ∈ A. For a C * -algebra A the standard Hilbert A-module ℓ 2 (A)
is defined by 
for every f ∈ H [19, 23] .
Let H be a Hilbert C * -module and M ⊆ H be a closed submodule of a Hilbert module H
We define the orthogonal complement M ⊥ of M by
Then M ⊥ is also a closed submodule of the Hilbert module H. However the equality H = M ⊕ M ⊥ is not fulfilled in general (see [19] ). If this holds for close submodule M ⊆ H then we say that M is orthogonally complemented.
In our study we need the following generalization of the so-called Douglas theorem [5] for Hilbert modules. 
(ii) µT T * ≤ SS * , for some positive real number µ > 0;
(iv) There exists an adjointable operator Q :
Another version of Douglas theorem for Hilbert modules which is proved in [26] is as follows. 
(iii) There exists an adjointable operator Q : H → H 1 such that T = SQ.
One can easily verify that each of the above conditions are also equivalent to the following condition, (iv) There exists positive real number µ > 0 such that
Suppose that A and B two C * -algebras, H is a Hilbert A-module and also K is a Hilbert B-module. Let A ⊗ B be the completion of A ⊗ alg B with the spatial norm and the following operation and involution,
Then A ⊗ B is a C * -algebra and for every A ∈ A, B ∈ B we have A ⊗ B = A B . The algebraic tensor product H ⊗ alg K is a pre-Hilbert A ⊗ B-module with the module action
and A ⊗ B-valued inner product
It is well-known that for
and h, h = 0 if and only if h = 0. The completion H ⊗ K of H ⊗ alg K, which is a Hilbert A ⊗ B-module is called the tensor product of H and K (see [19] ). We note that if A ∈ A If T 1 and T 2 are two maps on H and K, respectively, then the tensor product T 1 and T 2 on The notion of frames for Hilbert spaces had been extended by Frank and Larson to the Hilbert C * -modules and some properties of this frames were also investigated in [13, 14, 17, 18] .
Let A be a unital C * -algebra and J be a finite or countable index set. A sequence {f j } j∈J of elements in a Hilbert A-module H is said to be a (standard) * -frame for H if there exists strictly nonzero elements A and B of A such that
holds for every f ∈ H, where the sum in the middle of the inequality is convergent in norm (see [1] ). The element A is called the lower * -frame bound and B called upper * -frame bound. If the right side of this inequality holds for {f j } j∈J then we say that {f j } j∈J is a * -Bessel sequence. Trivially every frame for a Hilbert modules is * -frame.
If A = C then the * -frame {f j } j∈J is indeed a frame for the Hilbert module H. Note that a nonzero element A in unital C * -algebra A is called strictly nonzero if zero doesn't belong to σ(A), where σ(A) is the spectrum of the element A.
The following result of Jing in [17] is useful for our study. 
Suppose that {f j } j∈J is * -frame of a finitely or countably generated Hilbert A-module H over a unital C * -algebra A. The operator U :
is called the synthesis operator. The adjoint operator
By composing U and U * we obtain the * -frame [1, 4] ).
In this paper we are going to study * -atomic system in Hilbert C * -module. In section 2 we introduce a family of local * -atoms for H and an * -atomic system for an adjointable operator over H, then their relations are studied. Next in section 3 we give some relations between * -atomic systems and a generalization of K-frames for Hilbert C * -modules that namely * -K-frame. In section 4 some properties of * -K-frame are studied in particular * -K-frames for operators on tensor product of Hilbert modules are discussed. In the last section some perturbation results for * -K-frames are established.
Throughout this paper H, A, 1 A , Z(A), U and U * denoted a finitely or countably generated
Hilbert module, unital C * -algebra, unit of the C * -algebra A, centre of the C*-algebra A, synthesis and analysis operators of given * -frames, respectively. Given an operator T , we denote its range by R(T ).
Local * -Atoms and * -Atomic Systems
In this section first we introduce a family of local * -atoms for H and then a * -atomic systems for an adjointable operator over H as a generalization of local * -atoms will be considered and some of their properties are studied.
Definition 2.1. Suppose that H is a finitely or countably generated Hilbert module over a unital C * -algebra A and {f j } j∈J ⊆ H is a * -Bessel sequence and H 0 is a closed submodule of H. {f j } j∈J is called a family of local * -atoms for H 0 if there exists a sequence {c j } j∈J of adjointable operators c j : H 0 → A such that for every f ∈ H 0 (i) there exists strictly nonzero element C ∈ A with j∈J (c j (f ))(c j (f ))
Trivially every * -frame for the Hilbert module H is a local * -atom for H 0 = H. But its converse isn't true in general. Note that if {f j } j∈J is a * -frame for a Hilbert A-module H so is local * -atom for H 0 = H with c j (f ) = f, S −1 f j , where S is the * -frame operator.
Proposition 2.2. Let H 0 be an orthogonally complemented submodule of H. Suppose that
Proof. It is enough to show that {P H 0 f j } j∈J has a lower * -frame bound. By definition of local * -atoms there exists a sequence {c j } j∈J of adjointable operators c j : H 0 → A such that f = j∈J c j (f )f j and also there exists strictly nonzero element C ∈ A with
Hence by Lemma 1.3
So {P H 0 f j } j∈J is a * -frame for H 0 with the lower frame bound
Here * -atomic system, a generalization of atomic systems for operators, is introduced.
Definition 2.3. Let H be a finitely or countably generated Hilbert module over a unital C * -algebra A with unit 1 A and K ∈ Hom * A (H). We say that {f j } ∈J ⊆ H is a * -atomic system for K if {f j } ∈J is a * -Bessel sequence and there exists a strictly nonzero 
In the following proposition, which can be proved easily, some relations of families of local * -atoms and * -atomic systems are stated.
Proposition 2.5. Let H 0 be an orthogonally complemented submodule of H and {f j } j∈J ⊆ H be a * -Bessel sequence then the following are equivalent.
(i) {f j } j∈J is a family of local * -atoms for H 0 .
(ii) {f j } j∈J is a * -atomic system for P H 0 , where P H 0 is an orthogonal projection from H onto H 0 .
* -Atomic Systems and * -K-Frames
In this section we study a * -atomic systems and its relation with * -K-frames on Hilbert modules discussed.
Every * -frames is a * -K-frames. Indeed for any K ∈ Hom * A (H) we have
Now if {f j } j∈J is a * -frame with bounds A and B then by (3.2) and the fact that for A, B ∈ A the inequality A ≤ B implies that CAC * ≤ CBC * , for C ∈ A, we have
Therefore {f j } j∈J is a * -K-frame with * -frame bounds A K −1 and B.
Lemma 3.2. Suppose that H is a Hilbert modules over a C * -algebra A. If {f j } j∈J is a * -K-frame with * -frame bounds A and B then
For the converse suppose that (3.3) holds, for any A, B ∈ Z(A).
with * -frame bounds mA and nB, for some positive real numbers m, n.
Proof. ⇒) The first part is obvious. For the reverse part, first notice that for any f ∈ H,
so T f ≤ B f . Therefore T is bounded. Also it is not hard to see that T is linear and adjointable and its adjoint is T * ({g j } j∈J ) = j∈J g j f j , {g j } j∈J ∈ ℓ 2 (A).
Now for each B ∈ Z(A), the mapping Q B : H → H defined by Q B f = Bf has the adjoint
Therefore (3.3) is equivalent to
By Theorem 1.1 there exists λ, µ > 0 such that for every f ∈ H,
Letting m = √ λ and n = √ µ, we complete the proof.
By a similar argument to the proof of Lemma 3.2one may prove the following lemma by 
For the converse suppose that (3.4) holds for any A, B ∈ Z(A) and the operator T : H → ℓ 2 (A) defined by T f = { f, f j } j∈J has closed range. Then {f j } j∈J is a * -K-frame with * -frame bounds mA and nB, for some positive real numbers m, n.
In the following theorem it is proved that * -atomic systems for an operator K are indeed * -K-frame.
mented. Then {f j } j∈J is a * -atomic system for K if and only if {f j } is a * -atomic system.
Moreover, in this case if A is finite dimensional then there exists another * -Bessel sequence
{h j } j∈J such that for all f ∈ H,
Proof. Suppose that {f j } j∈J is a * -atomic system for K. For any f ∈ H we have
By definition of * -atomic system, there is
for some strictly nonzero C ∈ A. Thus
Note that the last inequality holds by the fact that in a C * -algebra A, if A, B ∈ A and 0 ≤ A ≤ B then A ≤ B . Hence
So by Theorem 1.1 there exists positive real number µ > 0 such that µKK
For the converse, suppose that there exists strictly nonzero A, B ∈ A such that (3.1) holds.
Thus By Theorem 1.1 there exists an adjointable operator
It is enough to show that a f , a f ≤ C f, f C * for some strictly nonzero C ∈ A. Since Q is adjointable then we have
thus by Theorem 1.1 there exists an adjointable operator
Hence {h j } j∈J is a * -Bessel sequence. (i) {f j } j∈J is a * -atomic system for K such that the strictly nonzero C in the definition of * -atomic system is in Z(A),
(ii) There exists positive real numbers m > 0 such that for any f ∈ H
Proof. The proof obtains by Lemma 3.2 and Theorem 3.4.
We give another characterization of * -atomic systems in the next theorem. 
Proof. Suppose that {f j } j∈J is a * -atomic system for K. Consider the mapping
The operator T 1 is well-defined, adjointable and T * 1 e j = f j , for j ∈ J, since for every h ∈ H we have
then by Theorem 1.1 there exists an adjointable operator
Corollary 3.7. Let K ∈ Hom * A (H). Suppose that {f j } j∈J is a * -Bessel sequence and R(U * ) is an orthogonally complemented. Then {f j } j∈J is a * -atomic systems for K if and only if {f j } j∈J is a * -Bessel sequence and R(K) ⊆ R(U).
Some more Properties of * -K-frames
In this section first using a * -K-frames and some elements of Hom * A (H), we are going to construct new * -K-frames. Next the tensor product of two * -K-frames and * -L-frames are considered.
A (H) and {f j } j∈J be a * -K-frame with the * -frame bounds A, B, then
the same * -frame bounds.
(ii) {Lf j } j∈J is a * -LK-frame with the * -frame bounds A and B||L||, respectively.
Proof. Since {f j } j∈J is a * -K-frame with the * -frame bounds A, B, so we have
Hence for any f ∈ H,
On the other hand for all f ∈ H
which proves (i).
For proving (ii), one may see that for any f ∈ H,
(iii) is trivial by applying (ii).
For proving (iv), if A and B are the * -K-frame bounds of {f j } j∈J then by the fact that R(L) ⊆ R(K) with closed range K and Theorem 1.2, there exists positive real number λ > 0 such that for all f ∈ H, λLL
A (H) and {f j } j∈J be a * -frame with the * -frame bounds A, B, then {Kf j } j∈J is a * -K-frame with the * -frame bounds A, B||K||. The * -frame operator of {Kf j } j∈J is S ′ = KSK * , where S is the * -frame operator of {f j } j∈J .
Proof. Since {f j } j∈J is a * -frame so for any f ∈ H,
But by definition of S, SK * f = j∈J f, Kf j f j . Thus
Proposition 4.3. Suppose that K ∈ Hom * A (H) and {f j } j∈J is a * -frame, then
is a * -K-frame, when S is the * -frame operator of {f j } j∈J .
Proof. By Theorem 3.4, it is enough to show that {f j } j∈J is a * -atomic system for H. We
Since {f j } j∈J is a * -frame so { f, f j } j∈J is a * -Bessel sequence and trivially
and {f j } j∈J is a * -frame with * -frame bounds A, B, then {Lf j } j∈J is a * -K-frame with
Proof. Since R(K) ⊆ R(L) so by Theorem 1.1 there exists a positive real number λ > 0 such
thus by the facts that {f j } j∈J is a * -frame we have
So {Lf j } j∈J is a * -K-frame with * -frame bounds A √ λ and B L . The proof of S ′ = L * SL is obvious.
In the rest of this section we are going to study the tensor product of two * -K-frame and * -L-frame. Proof. Since {f j } j∈J and {h j } j∈J are * -K-frame and * -L-frame, respectively, so for any f ∈ H and h ∈ K we have j∈J i∈I
The rest of the proof is similar to the proof of Theorem 2.2 of [1] .
The next corollary is the Theorem 2.2 of [1] . Note that in this case if {f j } j∈J ⊆ H and {h j } j∈J ⊆ K are frames then this corollary conclude Lemma 3.1 of [18] .
Perturbations of * -K-frames
In this section some perturbation of * -K-frame are studied. The following theorem is a generalization of Theorem 7.1 of [17] .
and K has closed range. Let {f j } j∈J be a * -K-frame with * -K-frame bounds A, B. If there exists a constant M > 0,
Then {h j } j∈J is a * -L-frame. The converse is valid for any K which is a co-isometry operator
Proof. Suppose that f ∈ H, so we have
So by (5.2) and Lemma 1.3 {h j } j∈J is a * -Bessel sequence with * -Bessel bound 1+
On the other hands we have
Since {h j } j∈J is a * -Bessel sequence we define operator T :
This means that T f 2 ≥
, so by Theorem 1.2 there exists a λ > 0 such that
is a * -L-frame.
For the converse suppose that {h j } j∈J is a * -L-frame with the frame bounds C, D, respectively and K is co-isometry so K * f = f for any f ∈ H. Similarly we have
and R(L) is closed then by Theorem 1.2 there exists λ > 0 such that
Hence with
and K has closed range. Let {f j } j∈J be a * -K-frame with * -K-frame bounds A, B ∈ Z(A). If there exists a constant
Then {h j } j∈J is a * -L-frame with * -frame bounds mA, nB, for some positive real numbers m, n > 0.
Proof. The proof is obvious by Theorem 5.1 and Lemma 3.3. 
converse is valid for any K is a co-isometry operator.
The following theorem is perturbation result for * -K-frames which is a generalization of Since {h j } j∈J is a * -Bessel sequence the operator T : H → ℓ 2 (A) defined by T f = { f, h j } is well-defined. Thus R(L) ⊆ R(K) and Theorem 1.2imply that there exists µ > 0 such that Then {h j } j∈J is a * -L-frame with * -frame bounds mA, nB, for some positive real numbers m, n > 0.
Proof. It can be proved by using Theorem 5.4 and Lemma 3.3. Then {h j } j∈J is a * -frame. 
